Abstract-We present a theoretical analysis of the lateral modes of a broad-area semiconductor laser. The structure of the modes are classified into four categories and the modes are traced in the frequency versus pump rate diagram. It is shown how the branches of the frequency tuning curves for the different types of modes are interconnected and how the intensity profiles develop along the branches. The main result of the paper is the presentation of a small-signal stability analysis which identifies the saddle-node and Hopf bifurcation points on the mode tuning curves. For stable modes we derive expressions for small-signal noise and modulation spectra and present numerical examples of the spectra.
I. INTRODUCTION
T HE broad-area (BA) semiconductor laser is the simplest kind of laser diode to fabricate, and it is often used as a first step in laser fabrication to evaluate the quality of the epitaxial growth process and to characterize new epitaxial structures. The large active region enables high output power, but the spatial coherence of the output beam is usually poor due to poor lateral mode selectivity. For most applications the BA laser, therefore, has to be equipped with a mode selection mechanism before it is useful as high-power laser. The theme of this paper is a theoretical study of the static and dynamic properties of the BA stripe laser in its simplest form as depicted in Fig. 1 . We address three main issues: 1) mapping of the diversity of lateral modes; 2) determination of their stability properties; and 3) calculation of noise and modulation spectra of stable modes.
The study was motivated by an attempt to understand and optimize the observed spatial coherence properties of a BA laser with asymmetric optical feedback from an external stripe mirror [1] , [2] . Experiments show that when the stripe mirror reflects the field emitted in the junction plane at an angle relative to the optical axis, the output power emitted in the direction is strongly enhanced and the field has strongly improved spatial coherence. The feedback supports asymmetric lateral modes of the solitary laser and an analysis of the configuration must, therefore, include a determination of these modes. (By modes we mean the stationary solutions to Helmholtz equation for the Manuscript received April 18, 2007 . The work of S. Blaaberg was supported in part by the Risø National Laboratory, Roskilde, Denmark.
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Digital Object Identifier 10.1109/JQE.2007.904520 electric field and the rate equation for the carrier density in the slab waveguide of the BA laser, even though they are solutions to nonlinear systems of [3] ). It seems that so far the problem of finding the modes of a solitary laser has only been partially solved [2] - [5] . Lang et al. [3] determined the symmetric modes by using the mean field approximation where the Helmholtz equation is reduced to a one-dimensional equation for the lateral modes by averaging the equation over the longitudinal coordinate. In [5] , the symmetric modes were determined as functions of both the longitudinal and lateral coordinate, but the modes were only traced slightly above threshold due to numerical instabilities. The authors used a beam propagation method [6] , which easily runs into numerical problems when the stationary solutions are closely spaced or saddle-node unstable. Wolff et al. [2] calculated the fundamental modes of the BA laser with asymmetric feedback from an external stripe mirror. For weak feedback and low pump currents these modes resemble asymmetric modes of the solitary laser, but they were not traced as stationary solutions for higher pump currents. In the present paper we use a modified version of the mean field approximation [3] and determine the lateral modes of our generic BA laser including both symmetric and asymmetric modes. A plot of the frequency versus pump rate tuning curves for the modes shows a complex and yet structured picture. We classify the modes into four groups and show how their tuning curves are interconnected and how the near-and far-field intensity profiles develop along the tuning curves. The dynamic properties of the BA laser have been studied intensely over almost three decades, and time domain computer simulations have demonstrated a wide range of spatio-temporal nonlinear phenomena including chaotic behavior [7] - [16] . If the modes are stable they may be operating modes of the BA laser, and if they are unstable, they may still show up as attractors for the trajectories of the time domain solution in phase space. The experiments of Mailhot et al. [17] and Mandre et al. [18] show the presence of lateral modes even when the BA laser is not operating in a stationary state. The same behavior is seen in time domain computer simulations [13] , [14] .
A major part of this paper addresses the question of smallsignal stability of the lateral modes. For a mode to be stable the zeros of the systems determinant have to lie in the upper half of the complex frequency plane. We follow the Green's function approach in [19] and present a derivation of the systems determinant for the combined carrier density rate equation and Helmholtz field equation in the mean field approximation. The determinant is used to identify saddle-node and Hopf bifurcation points on each of the mode tuning curves for our example structure. We had expected that the mechanism of self-stabilization [20] , [21] , which is of key importance for the stability of laser diodes in external cavity, would also ensure stability of several modes over an extended range of bias currents for BA lasers. However, for our example we find that only the lowest order mode is stable in the near-threshold region. Beyond this region the laser does not operate in a single lateral mode and a theoretical study of the dynamics must be pursued by other methods such as time domain computer simulations of the laser equations [7] - [16] . Alternative studies are presented in [22] and [23] where the stability of filaments are analyzed for BA lasers of infinite width.
The small-signal solution of the laser equations allows a calculation of the noise spectra of a stable mode. We derive expressions for the relative intensity noise (RIN) spectrum, the frequency noise spectrum and the field power spectrum, and present numerical calculations for our BA laser example. The spectra depend on the lateral position as was also demonstrated experimentally in [17] and [18] .
The paper is organized as follows. Section II derives the basic equations based on the mean field approximation. Section III presents the lateral mode solutions with diagrams for the frequency tuning of the modes for increasing current pump rate. The small-signal analysis of the carrier rate equation and field equation in the mean field approximation is given in Section IV, and the stability properties of the modes are derived in Section V. The expressions for small-signal noise and current modulation spectra are derived in Section VI. The results and remaining issues are discussed in the final Section VII. Mathematical details are presented in four appendices.
II. LATERAL MODE EQUATIONS FOR A BA LASER DIODE
We consider a BA laser diode with the generic structure shown in Fig. 1 . In the numerical calculations we assume the laser to have bulk gain region and the material composition to be GaAlAs-GaAs, but this is not essential for the theoretical analysis. The active layer is embedded in a separate confinement region that forms a slab waveguide. The width of the top metal stripe contact is assumed to be less than the full width of the device such that laser operation is based on gain guiding and such that light interaction with the side walls can be ignored. On the other hand, we assume the stripe width to be 
where is the lasing wavelength and is the frequency spacing of the longitudinal modes. In the numerical example we use the device parameters of Table I , which by (1) lead to about 25 lateral modes between two adjacent longitudinal modes.
We assume the laser operates in a TE mode and that the lateral component of the frequency-domain electric field in the slap waveguide satisfies the Helmholtz equation (2) is a Langevin noise function that describes the spontaneous emission noise, is the (complex) dielectric con-stant, and is the vacuum vavenumber. Furthermore, we assume that the field is of the form (3) The orientation of the axes are as shown in Fig. 1 . and are field envelopes describing forward and backward travelling waves in the longitudinal direction. They are assumed to be slowly varying functions of . The function describes the transverse field distribution and is taken to be normalized to unity, i.e . Our aim is to study the structure of lateral modes for a given longitudinal mode. We shall, therefore, assume that in (3) is the solution to the oscillation condition (4) with longitudinal mode number , i.e., (5) where and are the back and front facet reflectivities, and is the distributed mirror loss. In Appendix A we show how the problem of solving the 3-dimensional scalar wave equation (2) can be reduced to solving a 1-dimensional wave equation by applying a weighted mean field approximation. The resulting wave equation is (6) where and are field and noise functions obtained by performing a weighted average over the coordinate. They are given by (60) and (61) in Appendix A.
The wave equation is identical to the equation used by a number of authors (see, e.g., [3] and [4] ), but our definition of the mean field deviates from the previous definitions when the facet reflectivities deviate from unity. The participation of more than one longitudinal mode in the dynamics of the BA laser may be taken into account by introducing a field equation like (6) for each of the longitudinal modes. However, here we assume that only one longitudinal mode is active.
The average complex wave number in (6) is written in the usual form as (7) where is the modal index, is the modal gain and is the internal loss, all averaged over . Both and are functions of the longitudinally averaged carrier density . For , we simply assume the linear behavior (8) where is the carrier density at transparency, is the transverse confinement factor and is the differential material gain. We shall use the set for which as reference carrier density and reference frequency around which we expand (9) For the partial derivatives of , we use (10) where is the group index, is the group velocity, and is the linewidth enhancement factor.
The frequency domain field (6) can be transformed to a time domain field equation for the complex field envelope defined by (11) where is the optical frequency of the lateral mode under consideration. Inserting (9) in (6) and using the transformation (11), the field equation becomes (12) where (13) The noise function is obtained from by a transformation similar to (11) .
The field (12) has to be supplemented with the carrier density rate equation. In the time domain it reads (14) where is the pumping term, is the carrier lifetime, and is the photon density in the active layer. The relation between and is given in (62). In the present study we ignore effects of carrier diffusion and carrier noise due to pumping and carrier recombination.
We assume that the pump current is the sum of a stationary pump current and a small modulation term . The current is assumed to be stationary and uniform under the metal contact, and we model the current spreading at the metal edges by an exponential decay in regions of width outside the contacts. Thus for for for .
The actual current spreading in a given device depends on detailed epitaxial structure and can be calculated by solving Poisson's equation in the transverse plane [24] , but as discussed in [3] the model (15) is a reasonable approximation. We shall consider the two cases, and m.
The steady-state field and carrier distributions, and , for the stationary lateral modes are obtained as solutions to (12) and (14) for and for noise driving term . The carrier rate (14) gives the relation (16) where by (62) the saturation parameter is (17) The field equation for the stationary lateral modes is then obtained by neglecting the noise term in (12) and using the expression (16) for the stationary carrier density in (13) . The resulting single nonlinear differential equation reads (18) where (19) The stationary lateral modes are the solutions to (18) which vanishes for , i.e., solutions for which the dependence of on can be ignored for large . Since approaches the negative value, , for , the modes must satisfy the boundary conditions for (20) The conditions can only be met for discrete values of .
III. STRUCTURE OF THE STATIONARY LATERAL MODES
In this section, we show that for pump currents up to about 20% above threshold, the set of stationary solutions to (18) can be categorized into a few well-defined types. For higher pump currents, the set becomes increasingly more complicated due to the nonlinearity of the equation. In our example of a BA laser with bulk active layer, the transparency current is high and, therefore, nonlinear effects become important already about 1% above threshold. (For a quantum-well device with low transparency current, the nonlinear effects will typically show up at about 10% above threshold [3] ). As we show in Section V, all stationary solutions become unstable slightly above threshold, and the laser will, therefore, usually operate in a chaotic attractor state for currents well above threshold unless a particular solution is made stable, e.g., by filtered optical feedback or by tailoring the current distribution . The lateral symmetry of the laser structure and injection current ensures that for any solution , the reflected set is also a solution. In the linear regime near threshold where , the field solutions are either even or odd , but at higher pump rates the nonlinearity results in asymmetric field solutions with no definite parity.
The threshold values of frequency and pump rate are found by solving (18) in the linear regime where . For the example with , i.e., for , the problem reduces to solving the simple complex transcendental equations (21) where and are given by for and , respectively, and for infinite . It follows from the derivation of (21) that the solution , is a false solution to the problem. Fig. 2 compares the relative frequencies derived from (21) with the frequencies obtained by direct solution of (18) in the linear regime using m. The horizontal axis is the relative pump rate , where (22) is close to the threshold pump rate of the fundamental lateral mode for both examples of . In both cases the threshold frequencies increase almost linearly with threshold current and quadratically with mode number. The latter is expected from the simple relation (1). The increase of threshold current with lateral mode number is qualitatively explained by the deeper penetration of modes into the absorbing region outside the metal contact for increasing mode number [3] . This effect is somewhat more pronounced for m than for . For the rest of this section we shall only consider the case m. We have also identified a fourth type of modes with tuning curves that partly overlap the curves in Fig. 3 . They are shown separately in Fig. 6 for clarity. All modes have near-field intensity distributions where the number of peaks are given by their lateral mode number.
a) Type I Modes: Modes of type I are the modes of definite parity, which evolve from the threshold solutions. They are by their lateral mode number , and they have even (odd) field solutions for odd (even) . The frequencies of the modes stay almost constant with pump rate until nonlinear effects become important and new branches emerge on the lower side of the tuning curves. These branches, labelled , are tuning curves of the second kind of modes to be described below. The evolution of the modes of type I depends qualitatively on their parity. Fig. 7 show the evolution of the near-and far-field intensity distributions for for increasing levels of pump rate ( 1.0022, 1.0274, 1.0665). The near-field intensity profile is seen to be depleted near the edges of the metal contact as the pump rate is increased and the initial twin-loped structure of the far-field is evolving into a distorted single lope. Fig. 8 show the corresponding evolution for and for 1.00156, 1.019, and . The field distributions of the and modes coincide at the bifurcation point, but for increasing current the intensity distributions of the modes become increasingly asymmetric and concentrated on the positive or negative x-axis. The evolution of the near-and far-field distributions is shown for in Fig. 9 . The far-field shows a gradual change from a twin lobed to a single lobe pattern. At the point where the tuning curve merges with , the fields of the two solutions are vanishingly small on either the positive or negative axis and on the other half-axes their near field intensity distributions coincide with the intensity distribution of the solution. A qualitatively similar behavior is seen for the other type II tuning curves. If carrier diffusion is included in the model, the merger of and tuning curves will only be approximate. "parents." They start off tangential to their respective type I parent pointing towards higher pump rates, i.e., they do not have turning points like the type III curves for even . Furthermore, we have found no mode of type . The near-and far-field distributions of solutions are shown in Fig. 10 for four points on the tuning curve. The first [ Fig. 10(a) and (b) ] is at the starting point at , and the second [ Fig. 10 (c) and (d)] is at the foremost left point of the tuning curve. For points on the lower part of the tuning curve, the near-field intensity distribution becomes increasingly asymmetric with increasing current as shown in Fig. 10 (e) and 10(g). At the last point [ Fig. 10(g) and (h) ], the tuning curve of merges with yet another type of mode, , as shown in Fig. 6 . This type of mode is of definite parity; the near-and far-field intensity distributions are shown in Fig. 11 for the point labelled "A" in Fig. 11 and for the point where merges with . The near-field distribution in Fig. 11(c) coincides with the distribution in Fig. 10(g) for
. Fig. 6 also shows the tuning curve of , which is not connected to modes at lower pump rate. Both type IV tuning curves show a complex behavior with a loop and a cusp. We have not made a systematic search for other modes of type IV so we cannot be sure that they actually exist.
In summary, Figs. 3-5 show tuning curves for type I (definite parity), type II (asymmetric), and type III (asymmetric) for to . For increasing pump rate the near-field intensity distributions of type II and type III tend to become localized on the intervals or on the -axis. The envelopes of the type II distributions are tilted with maximum near the edge of the metal contact, while the envelopes of the type III distributions are almost constant.
IV. SMALL-SIGNAL ANALYSIS OF LATERAL MODES
If the stationary solution given by the set is stable, the field and carrier density (12) and (14) can be solved to first-order in the noise function . In this section we derive the semianalytical expressions for the solutions.
It is convenient to rewrite the field (12) as an equation for the logarithmic field, , where and is the phase of (23) The first-order deviations of , , , , from their stationary solutions , , , , are denoted by , , , , . We obtain an equation for by taking the differential of (23) (24) where the differential is (25) By splitting (24) into real and imaginary parts, it can be written as the vector equation 
The first-order deviation in carrier density, , is found from (14) to be (30) By taking the Fourier transform of (26) 
for . Furthermore, the integration interval has to be chosen with such that we can assume for . In Appendix B we show how to calculate the Green's function and also the systems determinant which determines the stability properties of the mode.
Since and the solution (36) allows a calculation of the amplitude and phase noise spectra as will be demonstrated in Section VI.
V. STABILITY PROPERTIES OF THE LATERAL MODES
The stability of a lateral mode is determined by the location of zeros of the system determinant in the complex -plane. The mode is unstable if has one or more zeros in the right-half -plane, i.e., zeros with positive real part. Since , the zeros appear as complex-conjugate pairs unless they lie on the real axis. The occurrence of instability may be associated with a complex-conjugate pair of zeros moving into the right-half -plane as a control parameter is changed. In that case the considered mode (fixed-point solution) performs a Hopf bifurcation where it bifurcates into an unstable fixed-point and a stable limit cycle. Alternatively, the instability may occur when a zero moves into the right-half -plane along the real axis. The corresponding bifurcation is of the saddle-node type where a stable and an unstable fixed point are created or annihilated. In our case we use the pump rate as control parameter and study the location of zeros as the pump rate is increased.
As shown in Appendix C, the system determinant has a fixed zero at . The passage of a zero of through along the real axis for changing pump rate can, therefore, be identified by the derivative of at being zero at the bifurcation point. This suggests that the derivative is used as a stability parameter. It can be shown that increases exponentially for along the real axis, so a negative implies that there are one or more zeros of on the positive real -axis, i.e., the mode is unstable. If on the other hand is positive, one can only conclude that there are no zeros or an even number of zeros on the positive real axis. One can check numerically that the type I modes have no zeros on the positive real axis for pump rates slightly above threshold. The -parameter is, therefore, positive just above threshold, and by calculating as a function of the pump rate one can determine the bifurcation point where the type II branch is created. This is illustrated in Fig. 12 which shows as a function of pump rate for modes , , , and . The pump rate positions of the branching points of type II modes are given by the zeros of . The type I modes are unstable with negative above the branch point, while type II modes have positive at least in the vicinity of the branch point. Extending the calculations of for mode to higher pump rates (not shown) we find that becomes positive again at the bifurcation point where mode is created. In a detailed study of Hopf bifurcations one may locate the off axis zeros of and trace their trajectories in the complex -plane for increasing pump rate. However, if we are only interested in deciding whether or when the zeros are in the right-half for . In a plot of versus , a zero close to the imaginary axis in the -plane will, therefore, show up as a positive peak if the zero is in the left-half -plane and as a negative peak if it is in the right-half -plane. In the latter case the mode is unstable. Furthermore, the full width at half maximum (FWHM) of the peak is . The simple interpretation of the spikes in must be used with care at low frequencies. Here the cut singularities of on the negative -axis, for , may give a negative spike in even though there are no zeros of in the right-half -plane near . Fig. 13 shows as a function of for the mode and for three values of the pump rate ( 1.00028, 1.00153, 1.00247). The curve for has five positive peaks corresponding to five zeros of in the lefthalf -plane. The relation between width and enables us to get a rough estimate of the trajectories of the zeros in the complex -plane or equivalently in the complex -plane as shown in Fig. 14 . The low frequency zero is related to the carrier relaxation frequency while the others are related to the higher order lateral modes. The relative threshold frequency of the modes are 0.18, 0.49, 0.91, and 1.46 GHz for modes 2, 3, 4, and 5. It is seen that the zeros cross the real axis at approximately these frequencies. The second zero is the first to cross the axis and thus to generate a Hopf bifurcation. The crossing occurs approximately at . This should be compared to the saddle-node bifurcation which takes place at . We can, therefore, conclude that the fundamental lateral mode is only stable up to 0.1% above threshold, which for our bulk device corresponds to 3 mA above threshold. We expect that using quantum-well parameters will give a similar stability range of the order of a few milli-amperes. The shift of the zeros is due to increased mode coupling for increasing current. For some systems as, e.g., external cavity lasers the mode coupling may lead to improved stability of a mode [21] , but in our case the mode coupling leads to instability. The higher order lateral modes can be analyzed by a similar procedure and it shows that the modes are unstable already from threshold. Lang et al. [3] suggested that the mode with highest output power is stable and is the operating mode of the laser. However, our example shows that this is not necessarily true. We have calculated the output power versus pump rate for each of the modes in Fig. 2 , and for the pump rate we find that mode has the highest output power. The corresponding plot of shows that the mode is unstable.
VI. NOISE AND MODULATION SPECTRA
In order to calculate the small-signal noise spectra from (36) one needs to know the diffusion matrix in the correlation relation for (41) where , , and " " indicates ensemble averaging. In Appendix D we show how the diffusion matrix can be determined from the correlation relations for the Langevin noise function in (2). The RIN spectrum, , at lateral coordinate is given by (42) where the Fourier transform of is assumed to be taken over a time interval of duration . The factor 4 is due to the relative intensity change being twice the relative change in amplitude. The latter is given by (36) for and for the purely noise driven case with . By insertion of (36) in (42) and using the correlation relation (41) we find (43) We obtain in a similar way an expression for the local frequency spectrum by noticing that the Fourier transform of the frequency is , and that is given by (36) for . Hence
The spectrum is shown in Fig. 15 for the fundamental mode and for the current at which the mode is still stable according to Fig. 13 . The solid curve is for and the dashed curve is for m. The peaks in the spectrum arise from the zeros of the system determinant indicated by open squares in Fig. 14 . For the spectrum only get contributions from modes of even parity.
The low frequency limit of gives the spectral linewidth . However, since is singular at , the limit of for has to be determined with care. We derive the limit in Appendix C and show that it is independent of . The spectral linewidth is, therefore, also independent of . Fig. 16 shows the calculated linewidth of the fundamental mode as a function of the inverse of the number of photons, , in the BA laser. The relationship is seen to be close to linear in this approximation where only spontaneous emission noise is included. A more precise calculation should include noise from current injection, carrier recombination and mode partition. The local field power spectrum is the Fourier transform of the field correlation function, i.e.,
By following the line of arguments in the appendix of [21] one derives the following approximate expression for :
The function is the Lorentzian (47) and the symbol " " means convolution in the frequency domain. is the amplitude-phase cross-spectral density
The spectrum diverges as for and requires special attension in a numerical calculation. We define a parameter " " by (49) which means that is finite for and can be convoluted numerically with without problem. The principal value of the convolution of with can be derived analytically and gives the second term on the right-hand side of (46). 17 shows the field power spectrum of the fundamental mode for the same parameters as in Fig. 15 . As expected the side modes only appear at higher frequencies compared to the fundamental mode. The asymmetry is ensured by the amplitude-phase cross-spectral density which eliminates the spikes in the and frequency spectra at negative due to the zeros in the systems determinant (notice again that ). The small spike at 0.18 GHz is the four wave mixing image of the side mode at 0.18 GHz. The effect of carrier relaxation oscillations is seen as shoulders on the central peak at . The spectral dependence on the lateral position is in qualitative agreement with the experiments in [17] . The present calculation of the field power spectrum ignores the effects of gain dispersion. This is justified when the focus is on spectral details determined by the carrier dynamics on the scale of a few GHz. In reality the BA laser oscillates in several longitudinal modes [17] . In order to calculate the full longitudinal spectrum one may introduce a field equation like (6) for each longitudinal mode.
The solution (36) also allows us to calculate the response in amplitude and frequency to a modulation of the pump current. Thus, by inserting the modulation driving term (34) in (36) we get the following expression for the frequency modulation (FM) response, :
The static change in frequency due to a static change in the pump current can be determined from (50) by taking the limit . As for the linewidth calculation this involves the low frequency limit of , which is derived in Appendix C and which is independent of . The expression for the slope of the tuning curves becomes:
(51) In Fig. 18 , we have compared the slopes derived from the tuning curves in Fig. 2 with the slopes obtained from (51). The agreement between the two ways of deriving the slope gives a useful check of the numerical calculations.
VII. DISCUSSION
We have presented a detailed analysis of the lateral modes of a solitary BA laser. In previous analyses, the focus has been on calculation of the lateral modes of definite parity, and asymmetric modes have only been calculated for BA lasers with optical feedback from an external reflector. We have traced the frequency tuning curves for the lateral modes, symmetric as well as asymmetric, as function of current pump rate. The diagram of tuning curves versus pump rate shows a pattern which suggests that the modes are categorized into four groups or types. For future work, it would be interesting to calculate how the diagram is modified and frequency degeneracies are lifted by carrier diffusion or by asymmetric pump current distributions. In the present work, we ignored the effects of carrier diffusion in order to simplify the stability analysis.
We have presented a Green's function method for determining the small-signal stability of the lateral modes. It has been suggested [3] that the mode with highest output power is stable. However, in our example it is only the fundamental mode that is stable in a narrow range of pump currents above threshold. For this mode we calculate expressions for small-signal noise and current modulation spectra. The expressions could be tested by comparison with the experimental results on the near threshold spectral distributions by Mailhot et al., shown in [17, Fig. 4 ].
APPENDIX A THE MEAN FIELD APPROXIMATION
In this appendix, we derive an approximate equation for the lateral variation of the field by averaging over the longitudinal coordinate . The approximation is expected to be good when the spacing of longitudinal modes is significantly larger than the spacing of lateral modes.
Inserting (3) in the scalar wave equation (2) 
Knowing from (76), and subsequently from (74), the Greens function is obtained from (68) and (72). It is clear from (76) that , and hence also , will contain the product in the denominator. The complex-conjugate of the product will, therefore, appear in the expression (36) for the first-order noise perturbations. The factor depends on (but is equal to 1 for ), so it is the factor (78) which determines the general stability of the considered mode and which is identified as the system determinant.
APPENDIX C LOW-FREQUENCY LIMITS
The appendix shows that the system determinant has a fixed zero at , and it gives an expression for the stability parameter defined by (79)
We also derive an expression for the limit of for , which is needed to calculate the spectral linewidth and the static change in frequency as response to a static change in pump current. The Hermitian conjugate of (70) gives (80) and from (69) and the definition (32) of the submatrix it follows that (81) Hence (82) which in the limit of gives (83) i.e., is a constant vector. The initial condition implies that the vector is at and, therefore, . This means that the second and the fourth column in (77) are equal for , and thus as stated above. The stability parameter given by (79) can be seen from (77) to be the determinant (84)
We obtain an expression for the derivative in (84) (2), which describes the spontaneous emission noise. We will in this appendix derive an expression for based on the correlation relations for . It has been shown by Henry [26] that obeys the correlation relations (90) where (91) Here, is the refractive index, the material gain, and the spontaneous emission factor. They all depend on space and frequency.
From the definitions (54) and (61) of and , it follows by (90) that (92) where (93) We will approximate by
where is the refractive index in the active region, and is the modal gain. All parameters , and are averaged over . is the Peterman factor (63). The relation analogous to (11) between and leads to the following relations between and the components of :
where . From the correlation relations (92) for we can finally obtain correlation relations for the components of and thereby explicit expressions for the elements of the diffusion matrix in (41). They read (96) In this paper, we disregard the frequency dependence of , i.e., we will use the approximation (97)
